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X-wave-mediated instability of plane waves in Kerr media
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Plane waves in Kerr media spontaneously generate paraxial X-wiawesiondispersive and nondiffractive
pulsed beamsthat get amplified along propagation. This effect can be considered to be a form of conical
emission(i.e., spatiotemporal modulational instabiityand can be used as a key for the interpretation of the
out-of-axis energy emission in the splitting process of focused pulses in normally dispersive materials. A new
class of spatiotemporal localized wave patterns is identified. X-wave instability and nonlinear X waves are
predicted for both focusing and defocusing media and are expected in periodical Bose condensed gases.
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The dynamics of focused femtoseconds puldesP in (x,t), and as Vin the plane (t), as shown in Fig. 1. Optical
optically nonlinear media has a fundamental importance an& waves in nonlinear media have been theoretically pre-
it is relevant in all the applications of ultrafast optics. Thedicted in Ref.[31] and experimental results, with a direct
basic mechanism, when dealing with the propagation in norobservation of the conical spatiotemporal shape, have con-
mally dispersive materials, is the splitting of the pulse, whichfirmed their existence and generation in crystals for second-
has been originally predicted more than ten years[dggl  harmonic generatio(SHG) [32,33. In Ref.[34], it has been

and recently reconsidered, due to the development of théheoretically shown how, during nondepleted-pump SHG, the
physics of FFA3-13. phase matched spatiotemporal harmonics let the SH beam

If zis the direction of propagatior, is the time in the ~P&COMe an X wavea7]. _ _

. . i \/ﬁ Conical emission(CE), or spatiotemporal modulational
reference frame where the pulse is still and s Vx“+y instability (MI) ([14,35-37), has been addressed in Ref.
the. radlgl cyllndrlc_:al coordinate, this process can be roughl¥38] as a basic mechanism underlying the spontaneous for-
divided into a series of steps. They descrlpe the propagatiogyation of an X wave, and as a foundation for understanding
of a Gaussiartin space and timepulse, which travels in a the splitting, in Ref[10]. In this paper, the formation of X
focusing medium, and undergoes relevant reshaping, due {gaves in Kerr medidor in quadratic media, in the regime
the interplay of diffraction, dispersion, and the Kerr effectwhere they mimic cubic nonlinearity, see, e.g., the chapter
(when the peak power is sufficiently greater than the criticakfter Torruellas, Kivhsar, and Stegeman in R88] and Ref.
power P for self-focusing[1,2]): (1) the out-of-axis energy [40]) is considered. A new form of instability of plane waves
is focused towards=0 aroundt=0; (2) the pulse at=0is  can be introduced by directly involving self-localized spa-
compressed(3) lobes appear in the on-axis temporal spec-tiotemporal wave patterns. The process strongly resembles
trum; and(4) the pulse splits in the time domain. CE, i.e., the amplification of plane waves from noise, but in

Before the breakup, relevant out-of-axis energy emissioithis case X waves, instead of periodical patterns, emerge
and redistribution occurs, as originally described by Rothenfrom the breakup of an unstable pump beam. This mecha-
berg in Ref[2]. Looking at the spatiotemporal profile an X Nnism is responsible for the first stage of pulse splitting, i.e.,
shape(or hyperbola is observed before the splittingee, the out-of-axis energy redistribution, such as Ml breaks a
e.g., figures in Ref§10,12). This process has been theoreti- continuous wave signal into a periodical pattern of solitons
cally described by different approachgk0,12,14,1% and  [41].
the onset of an X shape can be ultimately related to the The wave equation describing the propagation in nonlin-
hyperbolic characteristics over which small perturbations .
evolve[16]. This can be checked, for example, by the hydro- ! |

dynamical approach to the nonlinear Salinger equation 08
[17,18. 06
Recently, attention has been devoted to the existence of X QP
waves in optically nonlinear media. The latter are self- 04
trapped(i.e., nondiffracting and nondispersivevaves that 02
are well known in the field of linear propagation in acoustics 0.

0

[19-22 and in electromagnetisfii23—-30. The simplest X
wave has the shape of a double cone, or clepsydra, that ap-
pears as an X when, e.g., a section is plotted in the plane

30
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*Electronic address: c.conti@ele.uniroma3.it; URL: http://  FIG. 1. Three-dimension&BD) plot of ¢, the simplest radial-
optow.ele.uniromag3.it symmetry X wave A=1).
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ear Kerr media, whose refractive indexobeys the lawn

=ngy+n,l, with | as the optical intensity, in the framework
of the paraxial and the slowly varying envelope approxima-

tion, is written as

1 k" k

n
1A+ K 97A+ 5 VigA— 5 drrA+ —02|A|2A=0,

2 n
(1)

whereA is normalized such that\|>=1 andk”>0 (i.e., the
medium is normally dispersiyeX,Y,Z,T are the real world
variables,\ the wavelengthn(\) the refractive index, and
k(A)=2mn(\)/\. Equation(1) can be cast in the nondimen-
sional form as

id,u+A, u—duu+ xlulPu=0 2
by definingz=2Z/Z4; with Zy=2kW3 and W3 a reference
beam waist; A, =d,,+d,, the tranverse Laplacian with
(X,Y)=Wy(x,y); t=(T—2Z/V4)/T, the retarded time in the
frame traveling at group velocity,=1/k’" in units of T,
=(k"Z4:/2)*2. The optical field envelopd is given by A
=Agu, with Ag=(ny/k|n,|Z47) 2 x>0 (x<0) identifies a
focusing(defocusing medium to ben,>0 (n,<0).

Let us start by considering paraxial lineére., y=0)
X-wave solutions of Eq(2) (paraxial X waves have been
considered in detail in Ref42)), defined by

(A —dw)yp=0. (3

Introducing the complex variabte= (A —it)?+r?, with A a
real-valued arbitrary coefficient, we have from E8)
63, +4vd,,=0, (4)

from which =C,/\Jv+C,. C; andC, are arbitrary com-
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FIG. 2. Gainy vs k, the parameter identifying the generalized
X wave, for focusing(thick line) and defocusingdthin line) media
(ap=1).

®

with a and B arbitrary real-valued constants. Equati(3)
represents an X wave which grows linearly along propaga-
tion (independent of the sign gf), with amplification given
by the intensity of the plane wawg . This situation strongly
resembles MI, where plane waves are exponentially ampli-
fied at the expense of the pump beam, with a gain deter-
mined by the pump intensity. For this reason, it is natural to
refer to this process as X-wave instability. As for MI, the
amplified wave can be artificially externally feeded, or it can
be generated by noi$d8]. Note also that X-wave instability
can be triggered by conical emission. Indeed, as shown in
Ref.[38], the latter generates the required spectrum to form
an X wave, which eventually gets amplified, as discussed
above.

The previous treatment can be generalized in several
ways. In particular, it is possible to show that exponential
amplification of X-wave-like beams can be attained. It is

e=[a+i(B+2xagaz)]yx(r,b),

plex coefficients. Note that both the real and the imaginanhecessary to broaden the definition of X waves, i.e.,(Bq.
parts of this solution are real-valued X-wave profiles. Thepy introducing the equation

former being the simplest X wave, given ke branch cut
for the square root is along the negative real axis

1 1
Yy=Rel — | =Re| ———]. 5
) Q(ﬁ) e(\/(A—it>2+r2)

Remarkably, still holds when referring to the Helmoltz
equation, instead of the paraxial wave equatiege, e.g.,
Ref.[43)]). Its plot is given in Fig. 1.

X-wave instability can be introduced in the same way as

Ml, i.e., by perturbing the plane-wave solution of H@):
a=apEaOexpda§z), with a, a real-valued constant. Assum-
ing a=[ag+ e(x,y,t,z)]expaagz) we have, at first order in
61

id,e+ (A — dy) e+ xad(e* +¢€)=0. (6)
Writing e= e(r,t,z) = ¢ (r,t) u(z) gives
i0,u+ xag(pw+p*)=0. (7

The perturbation is thus

(A, =)=k, 9

with « a real constant£#0 in the following. Assuminge
=u(2)(r,t)+v(2)* (r,t)* in Eq. (6) and setting to zero
the coefficients of and ¢*, the following linear system is
obtained:

i+ K,u-i—ag)((u-i- v)=0,

—idv+ ku+ady(u+r)=0. (10
If (1,v)= (1, ) eXP(y2), We have
iy+ K+ ya xaj "
, , o 1=0. @
Xao —lytkt+xap|| v

The solvability condition yields the allowed values for the
gainy=*=+—k(k+ Zxag). The perturbation grows alorg

if the following inequality is satisfied:— «x(«+ 2Xa§)>0.
Thus, for a focusingdefocusing medium, generalized X
waves with —2a§< k<0 (O<K<2a§) are exponentially
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FIG. 3. 3D plot of the generalized X wavg, when k=A

=1 FIG. 5. Spatiotemporal spectruftransversal wave vector vs
angular spectruinfor different generalized X waveghin line, «
amplified. The gain vs¢, y= /_K(K+2Xa(2)), plotted in =—2; thick line, k=—1; squares,k=1; circles k=4). The

Fig. 2, has a maximum value which corresponds to the mogfashed line is the spectrum of the simplest X wawe-0).

exploding self-localized packet.

Now the question arises as to whether or not &j.ad-  the transversal wave number. In Fig. 5, the spectrum for
mits solutions resembling X waves. Closed forms can beiifferent «, with k=0 corresponding to the simplest X wave
found by proceeding as before: In termswaf Eq. (9) be- 4, is shown. The appearance of this lines in the spatiotem-
comes poral far field is a clear signature of the X-wave instability,

and can be directly observed in experiments. Note that the
60, i+ 4vd,, b= ki, (120 spectrum resemble the shape of the wave in the physical
space as a consequence of their propagation invariance.
whose general solution is To show that X-wave instability can actually be observed
in the experiments Ed2) is numerically sol\\//vezd. AZGauzssian
B input beam is consideredy= Ajexd —R/(2W5)—T?/(2T3)],
y=Cy X \/_‘/E) +C, expl yv) (13  whose intensity profile full width at half maximum spgt and
v

v duration are 7Qum and 100 fs. Equatioii2) is integrated
with reference to fused silica, with =800 nm (y=1.5,
A real-valued, localized, generalized X wave is given by ~n,=2.5x10"%° k"=360x10"?% S| unit9, peak powerP
=1.5P., beingP.=(0.61\)?7/(8nyn,)=2.6 MW the criti-
exXp— Vkv
R e( f = o)

cal power for self-focusing. In Fig. 6, the spatiotemporal
/= (14)  profile and the spectrurtin log scale are shown after three
Vo diffraction lengthd. 4¢= wnOW(Z)/)\. Clearly, an X-like profile
is formed and the spectrum shows the features in Fig. 5.
Equation(14) depends on two parameteksand«; while the In conclusion, it is observed that a plane wave in Kerr
first determines the decay constant as going far from theénedia gives rise to linear and exponential amplification of X
origin in the (,t) plane, the latter completely changes thewaves, thus leading to a significant beam reshaping. A new
shape of the wave. Examples far=1 andx=1 are shown class of X waves is involved in this nonlinear process. The
in Figs. 3 and 4 forA=1 andx=—1, respectively. Note reported analysis provides insights for the interpretation of
that they are similar to the Bessel pulse beams described ulse splitting of focused femtosecond beams, and related
Ref. [29]. To clarify the differences, we observe that the phenomena, in the same way as Ml is relevant for soliton

spatiotemporal spectrum develops around the cur¥e ki generation. Indeed, the spontaneous formation of an X wave

+ k, with » the angular frequency corresponding ndk, can be another explanation for the out-of-axis energy redis-
tribution typically observed. Notably, X-wave instability is

FIG. 6. Results of numerical integration of E@) after three
FIG. 4. 3D plot of the generalized X wawg, when xk=—A diffraction lengths.(Left) Level plots of 10 loge(|ul?) and (right)
=1. level plots of the square modulus of the spectrum in log scale of

R/ W0
o N » o
k_L (arb. units)

@® (arb. units)
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expected for both focusing and defocusing media, and can bastability (as well as nonlinear X wavgss also expected in

an effective approach for the controlled generation of nonperiodical Bose-Einstein condensates where (Bgholds, t

dispersive and nondiffractive pulses. being the direction of periodicity, in the presence of negative
These results appear to be susceptible to several generadiffective mas$§44,45.

zations, such as considering quadratric nonlinearity or vecto-

rial effects, and have implications in all the fields encom- | thank S. Trillo and E. Recami for fruitful discussions,

passing nonlinear wave propagation, such as acousticand acknowledge the Fondazione Tronchetti Provera for fi-

hydrodynamics, and plasma physics. For example, X-wave@ancial support.
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